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Lorentz and CPT violating QED with massless fermions at ﬁnite temperature is studied. We show that
there is no ambiguity in the induced coeﬃcient of the Chern–Simons-like term that deﬁnes the so-called
Carroll–Field–Jackiw model at high temperature. We also show that this system constitutes an example
where the breaking of CPT and Lorentz symmetries is more severe at high temperature than in the zero
temperature case thus precluding any naive expectations of Lorentz symmetry restoration.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
There is wide interest nowadays in model ﬁeld theories that
provide phenomenological description of possible Lorentz and CPT
symmetries violations. It has thus become increasingly important
to address the question of stability of these symmetry violations as
a function of environmental variations. It is expected that Lorentz
and CPT violations are spontaneously broken, meaning that it is a
property of the particular state in which the system rests at low
energies. It is then conceivable that symmetry restoration takes
place at high temperatures where the temperature is responsible
for setting the energy scale. But the restoration of symmetries at
high temperatures is a naive lore known not to be true in gen-
eral [1].
The main purpose of the present work is to discuss a ﬁeld
theory model where not only the Lorentz symmetry is not re-
stored but in fact the breaking is enhanced as the temperature
gets higher. We will address the speciﬁc problem of the radiatively
induced Lorentz and CPT violating term in QED at ﬁnite tempera-
ture. This modiﬁed electrodynamics is known as the Carroll–Field–
Jackiw (CFJ) model [2] and can be seen as a sector of the Standard
Model Extension (SME) [3].
There has been conﬂicting reports in the literature about the
induction of the Chern–Simons-like term deﬁning the CFJ model in
the ﬁnite temperature framework of massive QED [4–8]. Different
approaches seems to lead to different conclusions about the value
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Open access under CC BY license. of the numerical coeﬃcient of this term. For example, in Ref. [4],
the authors argue that at ﬁnite temperature the Chern–Simons-like
term is generically present, with the value of its coeﬃcient being
unambiguously determined up to a temperature-independent con-
stant, related to the zero temperature renormalization conditions.
The authors of Ref. [5] conclude that the term is completely sup-
pressed in the limit of very high temperature, and the Lorentz and
CPT symmetries of the theory are restored. On the other hand, in
[6,7] it was found that the coeﬃcient depends on the regulariza-
tion schemes at zero or ﬁnite temperature, so it remains undeter-
mined.
It is important to recall that this problem already exists at zero
temperature for massive fermions. Considering the fermionic quan-
tum ﬂuctuations as responsible for the induction of the CFJ model
it is found that the coeﬃcient of this term has an ambiguous value
(see for instance [9–17]). In fact this is claimed to be an exam-
ple where quantum corrections are ﬁnite but undetermined, that
is, its value can only be determined through experimental infer-
ence. This is not an unusual situation in quantum ﬁeld theory
as was pointed out by Jackiw [10], occurring for instance in the
Schwinger chiral model [18]. The mathematical manifestation of
such phenomenon is the dependence of the result on different reg-
ularization schemes.
The main goal of the present study is to investigate whether
this issue appears in the particular case of extended massless
QED at high temperature. In the massless case at zero temper-
ature it has been shown in [19] that such ambiguity is absent.
It has been argued there that such result should follow naturally
from dimensional projection considerations since the 4D Lorentz
violating fermionic term reduces to the 3D fermionic mass term.
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not ambiguous [20], the coeﬃcient of the CFJ model for massless
fermions should also be free of such pathology. This is conﬁrmed
by the results obtained previously in Refs. [9,12,22]. For massive
4D QED this line of reasoning is not possible because the mass
term has no correspondent in 3D. It is therefore suggestive that
these distinct behaviors are somehow related to the breaking of
the chiral symmetry. This observation prompt us to suspect that at
the high temperature limit, due to the chiral symmetry restora-
tion, the result for the massive Lorentz and CPT violating QED
would be indistinguishable from that of the massless version. This
seems to be in conﬂict with the fact that one cannot ﬂow continu-
ously from the massive to the massless limit of our theory because
they have different number of degrees of freedom. However, even
if the mass goes to zero or becomes negligible at high temperature,
the b-parameter controlling the Lorentz and CPT symmetries vio-
lation still continues to play the crucial role of a residual mass in
the fermion propagator structure. The b-parameter contrary to the
mass term has the main difference of preserving the chiral sym-
metry and being related to the mass term of a 3D Chern–Simons
theory. One of the consequence of this phenomenon, is that the
function describing the Chern–Simons coeﬃcient at ﬁnite temper-
ature is pretty the same as that of a massive theory, as we shall
see later. Indeed one can show that dispersion relation assumes
the form:(
1− |p|
2
ω2
+ M
2
ω2
)2
− 4b
2
0
ω2
− 4|b|
2|p|2 cos2 θ
ω4
− 4b
2
ω2
M2
ω2
+ 4b
4
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where M2 = b2 − m2 is the “effective mass”, such that M2/ω2 =
b2/ω2 − m2/ω2. The propagator structure is maintained since
M2 = 0 for any value of m2/ω2 = b2/ω2. Indeed m2/ω2 → 0 in
the limit of m2 → 0 or m2  ω2. The last regime is the limit of
high temperature: p0 ≡ ω ∼ nβ ∼ nT .
So, in this vein it seems suﬃcient to study the massless case to
decide about the possibility of Lorentz restoration in high temper-
ature. This is the approach we intend to take in the present work.
Our main result is to show that there is no ambiguity in the in-
duced coeﬃcient of the Chern–Simons-like term of the CFJ model
for massless fermions at high temperature and also that the break-
ing is more severe in this case than in the zero temperature case
[19] thus precluding any Lorentz symmetry restoration.
This Letter is organized as follows: in Section 2 we review the
result obtained in [19], showing that there is no ambiguity in
the coeﬃcient of the Chern–Simons-like term radiatively induced
in QED at zero temperature by quantum ﬂuctuations of mass-
less fermions. In Section 3 we consider the same system at ﬁnite
temperature and proceed to calculate the induced term by two
regularization schemes, dimensional regularization and momen-
tum cut-off regularization, explicitly showing that the coeﬃcient
of the induced term does not depend on the regularization consid-
ered as argued above. Furthermore we ﬁnd that Lorentz violation
is enhanced at high temperatures in this particular system, as evi-
denced by the fact that the coeﬃcient is two times bigger than at
zero temperature. Finally, in Section 4 we present our conclusions.
2. The extended massless QED
The model we will consider is given by the Lorentz violating
model described by the following Lagrangian density [21,22]
L= ψ¯(i/∂ − /bγ5 − e/A)ψ. (2)In accordance with Ref. [19], we are looking for the term in the
effective action Seff[b, A], obtained by integrating the fermionic de-
grees of freedom, which is quadratic on the gauge ﬁeld Aμ and of
ﬁrst order in derivatives. It can be expressed in the form
S(2)eff [b, A] =
∫
d4xΠμλν∂λAμAν, (3)
with the one loop self-energy tensor being given by
Πμλν = − ie
2
2
∫
d4p
(2π)4
tr
[
Sb(p)γ
μSb(p)γ
λSb(p)γ
ν
]
, (4)
where tr means that the trace just acts over the gamma matrices
and Sb(p) is the bμ-dependent propagator of the theory deﬁned
as
Sb(p) = i(p + b)
2(/p − /b)
(p2 − b2)2 PL +
i(p − b)2(/p + /b)
(p2 − b2)2 P R , (5)
where
P R,L = 1± γ5
2
(6)
are chiral projectors. Thus, taking into account the fact that
{γ5, γ μ} = 0 and (γ5)2 = 1 and applying the trace relation
tr(γ λγ μγ νγ ργ5) = 4iλμνρ , we can write down a simple expres-
sion for the self-energy tensor Πμνλ:
Πμνλ = ie2λμνρ
∫
d4p
(2π)4
1
(p2 − b2)4
× bρ
(
(p + b)4 + (p − b)4)− pρ((p + b)4 − (p − b)4).
(7)
Now, we can write the relevant term in the effective action in the
form
S(2)eff [b, A] =
1
2
∫
d4xλμνρkρ FλμAν, (8)
where the kρ -parameter can be expressed in the form
kρ = 2ie2
∫
d4p
(2π)4
[
(p2 − b2)bρ − 4(b · p)pρ
(p2 − b2)3
+ 4[(p
2b2 + (b · p)2)bρ − 2b2(b · p)pρ ]
(p2 − b2)4
]
. (9)
Note that by power counting, the momentum integral in (9) in-
volves ﬁnite terms and terms with logarithmic divergence. How-
ever, the calculations show that the CFJ model can be induced with
its coeﬃcient being well deﬁned and ﬁnite in different regulariza-
tion schemes [19]. The exact value is:
kρ = e
2
8π2
bρ. (10)
3. The ﬁnite temperature effects
In order to analyze the effects of ﬁnite temperature in radiative
correction calculations, we consider the system in a state of ther-
mal equilibrium characterized by a temperature T = 1/β . There-
fore, we make the following substitutions:
p0 ≡ ω0 = (n + 1/2)2π
β
and (1/2π)
∫
dp0 → 1
β
∑
n
(11)
where ω0 is the Matsubara frequency for fermions. Again, we
consider the expression (9) and rewrite it in the framework
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−id4x,d4p → id4p):
kρ(β) = 2ie
2
β
∞∑
n=−∞
∫
d3	p
(2π)3
[
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+ 4[(p
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]
. (12)
Or, only the time-like component
k0(β) = −2ie
2b0
β
∞∑
n=−∞
∫
d3	p
(2π)3
×
[
3
(	p2 + B2)2 −
4	p2
(	p2 + B2)3 +
4b20B
2
(	p2 + B2)4
]
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where B2 = ω20 − b20.
3.1. Dimensional regularization
Let us now use the standard dimensional regularization scheme
[23] to perform the integration over the spatial momentum in D
dimensions in the expression (13). The expression takes the form
k0(β) = −2ie
2
(4π)D/2
b0
β
(
−a
2
0
b20
)λ1 ∞∑
n=−∞
[
′Γ (λ1)
((n + 12 )2 + a20)λ1
− a
2
0
3
(3+ ′)Γ (λ2)
((n + 12 )2 + a20)λ2
]
, (14)
where λ1 = 2− D2 , λ2 = 3− D2 , ′ = 3− D and a0 = ib0β/2π .
At this point we need an explicit expression for the sum over
the Matsubara frequencies. We use the following result [24]
∑
n
1
[(n + 12 )2 + a20]λ
=
√
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Γ (λ)(a20)
λ−1/2 + 4 sin(πλ)
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|a0|
dz
(z2 − a20)λ
× Re
(
1
exp2π(z + i2 ) − 1
)
, (15)
which is valid for 1/2 < λ < 1. Substituting this formula into (14)
we have
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2
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3
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Re
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1
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.
(16)
Note that for λ1 = 2 − D2 and λ2 = 3 − D2 we cannot apply this
relation for D = 3 since the integral diverges. Thus, we carry out
the analytic continuation for this relation, so that we obtainFig. 1. The function f (β) = 1 + 2π2 F (a0) is different from zero everywhere. It
ﬂows from f (β) = 2 at high temperature (β → 0) to f (β) = 1 at zero tempera-
ture (β → ∞).
∞∫
|a0|
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Re
(
1
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)
= 1
2a20
3− 2λ
1− λ
∞∫
|a0|
dz
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Re
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)
− 1
4a20
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(2− λ)(1− λ)
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(z2 − a20)λ−2
× d
2
dz2
Re
(
1
exp2π(z + ib) − 1
)
. (17)
Now we can substitute this expression into (16) and use it for
D = 3. Thus, after some simpliﬁcations we get
k0(β) = ie
2
8π2
[
1+ 2π2F (a0)
]
b0, (18)
where the function F (a0) is given by
F (a0) =
∞∫
|a0|
dz
(
z2 − a20
)1/2 tanh(π z)
cosh2(π z)
, (19)
and has the following limits: F (a0 → ∞) → 0 (T → 0) and F (a0 →
0) → 1/2π2 (T → ∞) — see Fig. 1.
In summary, we conclude that the Chern–Simons-like coeﬃ-
cient at ﬁnite temperature regularized via dimensional regulariza-
tion scheme is given by
k0 = ie
2
4π2
b0 (a0 → 0 or T → ∞), (20)
and
k0 = ie
2
8π2
b0 (a0 → ∞ or T → 0). (21)
Notice that the coeﬃcient k0 at T → 0 coincides with the co-
eﬃcient (10) previously obtained at zero temperature, while at
T → ∞ it corresponds to the double of this value. A similar result
was found in [25] for a massive theory by using the dimensional
and momentum cut-off regularization. In this particular case the
massless theory at high temperature leads to the same result of a
massive theory without temperature.
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To develop calculations via momentum cut-off, we rewrite the
expression (13) in spherical coordinates, and as result, we obtain
k0(β) = −ie
2b0
βπ2
∞∑
n=−∞
∞∫
0
d	p 	p2
×
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3
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2
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= −ie
2b0
βπ2
∞∑
n=−∞
[I1(Λ) + I2(Λ) + I3(Λ)]
B
, (22)
where the integrals I1(Λ), I2(Λ) and I3(Λ) are written as
I1(Λ) =
u=Λ/B∫
0
du
3u2
(u2 + 1)2
= 3
2
[arctan(Λ˜) + arctan(Λ˜)B˜2 − B˜]
(1+ B˜2) , (23)
I2(Λ) = −
u=Λ/B∫
0
du
4u4
(u2 + 1)3
= −1
2(1+ B˜2)2
[
3arctan(Λ˜) + 6B˜2 arctan(Λ˜)
+ 3B˜4 arctan(Λ˜) − 5B˜ − 3B˜3] (24)
and
I3(Λ) =
u=Λ/B∫
0
du
4b20u
2
(u2 + 1)4
= b
2
12B2
1
(1+ 3B˜2 + 3B˜4 + B˜6)
[
3arctan(Λ˜)
+ 9B˜2 arctan(Λ˜) + 9B˜4 arctan(Λ˜)
+ 3B˜6 arctan(Λ˜) + 3B˜ + 8B˜3 − 3B˜5] (25)
with Λ˜ = Λ/B and B˜ = B/Λ. Therefore, taking the limit Λ → ∞,
this implies in Λ˜ = ∞ and B˜ = 0. Thus, we have the following
results:
I1(Λ) = 3π
4
, I2(Λ) = −3π
4
and I3(Λ) = πb
2
0
8B2
. (26)
Now, we can substitute the values of the integrals above in expres-
sion (10) and obtain the simple equation
k0(β) = ie
2
16π2
∞∑
n=−∞
a20
((n + 12 )2 + a20)
3
2
. (27)
Now, we shall perform the analytical continuation in the relation
(15) and substitute the full result of sum in (27) for λ = 32 . In this
way, we must get exactly the expression (18) in the dimensional
regularization scheme with k0 = ie2b0/8π2 for the regime of zero
temperature and k0 = ie2b0/4π2 for high temperature.4. Conclusions
In this Letter we have extended our recent results in Lorentz-
violating massless QED to the ﬁnite temperature environment. We
had previously shown that contrary to the massive case, in mass-
less extensions of Lorentz-violating QED at zero temperature, it
seems that the (3 + 1)-dimensional Chern–Simons-like term is ﬁ-
nite and determined because, by dimensional reduction, one can
see that at least one of its components is related to its ﬁnite
(2 + 1)-dimensional Chern–Simons counterpart. In order to sup-
port this conjecture we have used different regularization schemes
to show that we ﬁnd the same answer. In the present investigation,
we have shown that this continues to be true at ﬁnite temperature.
In the limit of high temperatures we ﬁnd the same answer for the
coeﬃcient of the (3 + 1)-dimensional Chern–Simons via two dis-
tinct regularization schemes: dimensional regularization and the
momentum cut-off regularization. Furthermore, we observe that
the Chern–Simons-like coeﬃcient at high temperature is two times
bigger than at zero temperature. That is, of course, a nonzero re-
sult contrary to what one could expect if one believes that high
temperature is always bounded to restore symmetries — at least
in part [26]. However, a few comments concerning this fact are in
order. The same phenomenon has already appeared in the mas-
sive case [6,7]. And in fact there is no evidence to believe that
any symmetry should be restored at high temperature. There are
other examples in Nature of systems, such as Rochelle salts, where
a symmetry is broken at high temperature and restored at low
temperature [1]. What we have shown is an example of a sys-
tem where the Lorentz symmetry is broken at zero temperature
and continues to be broken at high temperature with an even
higher strength as determined by the Chern–Simons-like coeﬃ-
cient.
Acknowledgements
We would like to thank CNPq, CAPES, PNPD/PROCAD-CAPES,
and FAPERJ for partial ﬁnancial support. C. Wotzasek and F.A. Brito
also acknowledge D. Bazeia for interesting discussions.
References
[1] S. Weinberg, Phys. Rev. D 9 (1974) 3357;
R.N. Mohapatra, G. Senjanovic, Phys. Rev. Lett. 42 (1979) 1651;
R.N. Mohapatra, G. Senjanovic, Phys. Rev. D 20 (1979) 3390;
G. Dvali, K. Tamvakis, Phys. Lett. B 378 (1996) 141.
[2] S. Carroll, G. Field, R. Jackiw, Phys. Rev. D 41 (1990) 1231.
[3] D. Colladay, V.A. Kostelecký, Phys. Rev. D 55 (1997) 6760;
D. Colladay, V.A. Kostelecký, Phys. Rev. D 58 (1998) 116002.
[4] L. Cervi, L. Griguolo, D. Seminara, Phys. Rev. D 64 (2001) 105003.
[5] D. Ebert, V.C. Zhukovsky, A.S. Razumovsky, Phys. Rev. D 70 (2004) 025003.
[6] F.A. Brito, T. Mariz, J.R. Nascimento, E. Passos, R.F. Ribeiro, JHEP 0510 (2005)
019.
[7] F.A. Brito, J.R. Nascimento, E. Passos, A.Yu. Petrov, JHEP 0706 (2007) 016.
[8] M. Gomes, J.R. Nascimento, E. Passos, A.Yu. Petrov, A.J. da Silva, Phys. Rev. D 76
(2007) 047701.
[9] R. Jackiw, V.A. Kostelecký, Phys. Rev. Lett. 82 (1999) 3572.
[10] R. Jackiw, Int. J. Mod. Phys. B 14 (2000) 2011.
[11] J.M. Chung, Phys. Rev. D 60 (1999) 127901.
[12] M. Perez-Victoria, Phys. Rev. Lett. 83 (1999) 2518.
[13] G. Bonneau, Nucl. Phys. B 593 (2001) 398.
[14] M. Perez-Victoria, JHEP 0104 (2001) 032.
[15] G. Bonneau, arXiv:hep-th/0109105.
[16] G. Bonneau, Nucl. Phys. B 764 (2007) 83.
[17] W.F. Chen, arXiv:0712.2557 [hep-th].
[18] R. Jackiw, R. Rajaraman, Phys. Rev. Lett. 54 (1985) 1219;
R. Jackiw, R. Rajaraman, Phys. Rev. Lett. 54 (1985) 2060 (Erratum).
[19] F.A. Brito, L.S. Grigorio, M.S. Guimaraes, E. Passos, C. Wotzasek, Phys. Rev. D 78
(2008) 125023.
F.A. Brito et al. / Physics Letters B 681 (2009) 495–499 499[20] A.N. Redlich, Phys. Rev. D 29 (1984) 2366;
A.N. Redlich, Phys. Rev. Lett. 52 (1984) 18.
[21] B. Altschul, Phys. Rev. D 69 (2004) 125009.
[22] A.P.B. Scarpelli, M. Sampaio, M.C. Nemes, B. Hiller, Eur. Phys. J. C 56 (2008) 571.[23] G. ‘t Hooft, M.J.G. Veltman, Nucl. Phys. 44 (1972) 189.
[24] L.H. Ford, Phys. Rev. D 21 (1980) 933.
[25] A.A. Andrianov, P. Giacconi, R. Soldati, JHEP 0202 (2002) 030.
[26] D. Bazeia, A.S. Inacio, L. Losano, Int. J. Mod. Phys. A 19 (2004) 575.
